The dynamics and invariant manifolds for a nonlocal stochastic Swift-Hohenberg equation with multiplicative noise are investigated. Using a stochastic transformation process, a nonlocal stochastic Swift-Hohenberg equation is studied with either a positive kernel or a non-negative kernel. Then the dynamics, existence, and uniqueness of a global random attractor for the nonlocal stochastic Swift-Hohenberg equation is shown. Moreover, the existence of a local random invariant manifold of the corresponding random dynamical system for the nonlocal stochastic Swift-Hohenberg equation with multiplicative noise is obtained using the technique of a cut-off function and the Lyapunov-Perron method.
Introduction
It is well known that fluid convection due to density gradients arises in geophysical fluid flows in the atmosphere, oceans, and the earth's mantle. Rayleigh-Bénard convection is a prototypical model for fluid convection in predicting spatio-temporal convection patterns. It is very important that the mathematical model for the Rayleigh-Bénard convection is closely contacted with nonlinear Navier-Stokes equations coupled with the temperature equation. When the Rayleigh number is near the onset of the convection, the Rayleigh-Bénard convection model may be approximately reduced to an amplitude or order parameter equation [] . We know that a localized one-dimensional version of the model is the local one-dimensional Swift-Hohenberg equation
which was originally derived by Swift and Hohenberg [] as a model for the convective instability in the Rayleigh-Bénard convection. In addition, the Swift-Hohenberg equation was not only derived for one-dimensional models, furthermore, it is also well studied in high-dimensional models. We know there has been some research recently as regards the local Swift-Hohenberg equation [-] .
However, when the distance from the change of stability is sufficiently small, or the Rayleigh number is near thermal equilibrium, the influence of small noise or molecular noise is detected in various convection experiments [-] . It is difficult to stabilize the control parameters (e.g. the temperature in Rayleigh-Bénard convection) to the precision of the noise strength, which is extremely small in the case of thermal fluctuations. When the effects of thermal fluctuations (i.e. additive noise) on the onset of convective motion are considered in the Bénard system, a local stochastic Swift-Hohenberg equation with additive noise [] is proposed:
Furthermore, it is also allowed to consider the effects of small possible noise from μ. So a local stochastic Swift-Hohenberg equation with multiplicative noise [] arises,
Here σ >  and ξ = dW dt
But the nonlocal stochastic Swift-Hohenberg equation (.) has had little investigation so far [] . Since the nonlocal equations are more significant to explain the nonlinear physical phenomenon, it is important to investigate the dynamics behaviors for them. Therefore, against the stronger background of the nonlocal stochastic Swift-Hohenberg equation, there is new work to consider it in present paper. The purpose of this paper is mainly to consider the nonlocal stochastic Swift-Hohenberg equation with positive kernel and non-negative kernel. The global random attractor and existence of invariant manifolds are investigated for the two-dimensional nonlocal stochastic Swift-Hohenberg equation with multiplicative noise defined on a bounded planar domain D in R d (d = ). Furthermore, for the three-dimensional case, the parallel results have been obtained by a similar procedure. Therefore, in this paper, we mainly investigate it in the two-dimensional case. The problem has been written as follows:
with initial condition
and the boundary conditions
Specifically, using a stochastic transformation and the technique of a cut-off function, the nonlocal stochastic Swift-Hohenberg equation is studied with either a positive kernel or a non-negative kernel. Then the existence and uniqueness of a global random attractor for the nonlocal stochastic Swift-Hohenberg equation is shown. Moreover, the existence of a local random invariant manifold of the corresponding random dynamical system for the nonlocal stochastic Swift-Hohenberg equation with multiplicative noise is obtained using the Lyapunov-Perron method. The paper is organized as follows. In Section , we recall some definitions and already known results concerning global random attractors. In Section , we give uniform a priori estimates of the solution for the nonlocal stochastic Swift-Hohenberg equation with positive kernel, and then a global random attractor for the corresponding random dynamical system is obtained. In Section , using the technique of a cut-off function, a global random attractor for nonlocal stochastic Swift-Hohenberg with special non-negative kernel is deduced. In Section , we will give the existence of a local random invariant manifold of the corresponding random dynamical system for nonlocal stochastic Swift-Hohenberg equation with multiplicative noise using the Lyapunov-Perron's method.
Preliminaries
We give some basic concepts related to random attractors and random invariant manifolds. The considered problem for a nonlocal stochastic Swift-Hohenberg equation with multiplicative noise [] is rewritten as
which is subject to initial conditions and boundary conditions as (.) and (.) on the bounded domain D ∈ R  , where 
The following properties will be used.
where λ c = min{e  , . . . , e m } and λ s = max{e m+ , . . .}. Some concepts of a global random attractor for continuous random dynamical system can be found in [-]. Let (X, · X ) be a separable Hilbert space with Borel σ -algebra B(X), and ( , F, P, (θ t ) t∈R ) be an ergodic metric dynamical system. Here, the global random attractor should be considered on a tempered random set. Definition . A random set {D(ω)} is called tempered if for all β >  and P-a.e. ω ∈ ,
In order to obtain the main result as regards a global random attractor, only if the conditions of the following theorem obtain, the result of a global random attractor will be given easily and directly.
Theorem . (See [, ]) Let ϕ be a continuous random dynamical system on X over ( , F, P, (θ t ) t∈R ). If there is a closed random tempered absorbing set {B(ω)} of ϕ and ϕ is asymptotically compact in X, then {A(ω)} is a random attractor of ϕ, where
Moreover, {A(ω)} is a unique random attractor of ϕ.
Furthermore, the random invariant manifolds of the corresponding random dynamical system will also investigated. The Sobolev spaces H m (D) or H α (D) are the usual Sobolev spaces or fractional Sobolev spaces, for all m ≥  or  ≤ α < , respectively. The main step is to use the transformation process for our goal, which is given in the following. We consider the scalar Langevin equation
It is well known that this equation has a unique stationary solution z(θ t ω), which is called the stationary Ornstein-Uhlenbeck process. The main properties of the stationary Ornstein-Uhlenbeck process z(t) are in particular recalled. Here, set z(t) = z(θ t ω) and
Lemma . (See [, , -])
There exists a subset * of which is of full measure and is θ t -invariant for all t ∈ R, i.e.,
and the following properties hold on * .
, and can be written as
The following growth control relations are satisfied:
Nonlocal stochastic Swift-Hohenberg equation with positive kernel
In this section, we mainly show the global random attractor, for the nonlocal stochastic Swift-Hohenberg equation with positive kernel. Note that equation (.) can be interpreted as a system of the integral equation
where α =  -μ. For the μ ≤  case, it is easy to investigate. So in this paper we assume that μ > , i.e., α < . Now, we mainly investigate the global random attractor for the stochastic SwiftHohenberg equation (.) with positive kernel. Assume that, for every t ≥  and (x, y) ∈ D, there are
where a, b >  are some positive constants. That is to say, G >  is a positive kernel and
we can obtain the following system:
We can use the standard Galerkin method [, ] to show that the system (.)-(.) has a unique solution v(t, ω, v  ) which is continuous with respect to
. Then the system (.)-(.) generates a continuous random dynamical system {ϕ(t)} t≥ over ( , F, P, (θ t ) t∈R ), where
, t ≥ , and ω ∈ . On defining a mapping
we deduce that φ is a continuous random dynamical system associated with the system
. Therefore, it is easy to deduce that φ has a global random attractor only if ϕ possesses a global random attractor. Then we consider the random dynamical system ϕ as follows on the basis of the following uniform a priori estimates of the solution for the system (.)-(.).
Uniform a priori estimates of solution
In the following, we set D for the collection of all tempered random subsets in L  (D). First of all, we give some uniform estimates of the solution for the system (.)-(.) on D when t → ∞. These estimates are important to obtain the random absorbing set when time is sufficiently large. Now we give some lemmas to show that the random dynamical system ϕ has a random absorbing set in D .
Lemma . Assume that any v
Then there exist a t B (ω) >  and a random variable ρ  (ω) >  such that, for all P-a.e. ω ∈ and t > t B (ω), we have
Proof Taking the inner product with v(t) on the both sides of (.) in D, then we have
In addition, we have
Then substituting (.) and (.) into (.), we can obtain
That is,
Since α - < , α - -ε < , and
Now we consider the inequality (.). Multiplying e εt-t  z(θ τ ω) dτ on both sides of (.), we have
Taking the integral from  to t with respect to t for (.), we can obtain
In the above inequality (.), replacing ω by θ -t ω, we obtain
According to the properties of z(θ t ω) and the tempered random set D , there exist a t B (ω) >  and a random variable ρ  (ω) such that, for all P-a.e. ω ∈ and t > t B (ω), there is
Then the lemma is completed.
Lemma . Assume that any v
Then there exist a t B (ω) >  and a random variable ρ  (ω) >  such that, for all P-a.e. ω ∈ and t > t B (ω), we have
Proof Considering inequality (.) again, we have
Taking the integral fromT to t with respect to t for the above inequality, whereT ≤ t, we obtain
Replacing t byT in (.), and substituting into the above inequality (.), we obtain
In the above inequality (.), replacing ω by θ -t ω, we obtain
Furthermore, we replaceT by t and t by t +  in the above inequality. Therefore we obtain
According to the properties of z(θ t ω) and - ≤ s -t - ≤ , we have
Then from (.) and (.), we deduce that there exists a random variable ρ  (ω) for all P-a.e. ω ∈ such that
So the lemma is obtained.
Lemma . Assume that any v  ∈ B(ω) ⊂ D . Then there exist a t B (ω) >  and a random variable ρ  (ω) >  such that, for all P-a.e. ω ∈ and t > t B (ω), we have
Proof Taking the inner product with  v on both sides of (.) in D, we have
Then from (.), we obtain
Using Gronwall's inequality, we have
where t ≤ s ≤ t + . In the above inequality (.), taking the integral from t to t +  with respect to s, we obtain
In (.), replacing t by τ and substituting it into the above inequality (.), we obtain
It is easy to obtain from the above inequality (.) that
In the above inequality (.), replacing ω by θ -t- ω, we obtain
Now, we estimate each term on the right side of the above inequality. For the first term, we have
For the second term, we estimate it as follows:
Then, for the third term, we have the estimate
From the above estimates (.), (.), and (.), we deduce that
Then the lemma is easy to obtain. The proof is complete.
Global random attractor
According to the former uniform a priori estimates and the lemmas, it is easy to see that there exists a random absorbing set for the random dynamical system generated by (. Proof According to the above three lemmas, we can take T = max{T B , T B , T B , } and ρ(ω) = max{ρ  (ω), ρ  (ω), ρ  (ω)}. Then, for all t ≥ T and P-a.e. ω ∈ , there exists a random absorbing set B  (ω) for the random dynamical system generated by the system (. 
Global random attractor for a nonlocal stochastic Swift-Hohenberg equation with non-negative kernel
The analysis for positive kernels in Section  does not work for non-negative kernels. But we can also obtain some estimates for a special non-negative kernel G ≥  on the nonlocal stochastic Swift-Hohenberg model. We consider the problem via a mollifier. Define
We also define, for some δ > ,
Let C  (D) be the space of continuous functions with compact support in D. Then, for any f ∈ C  (D), we define the mollifier of f (y  , y  ) as in [] by the convolution
It is well known that
Therefore, for any given ε  > , there is a δ  = δ  (ε  ) >  such that
We consider the special kernel G(r) = J δ  (r) with the same family of δ  = δ  (ε  ) as in the above inequality for the stochastic nonlocal Swift-Hohenberg equation. Then G satisfies
Notice that the lower bound of G is b = . Then the investigations are different from before. According to the properties above, we can still obtain similar uniform a priori estimates for the nonlocal stochastic 
Thus implies that
Then we have the following uniform a priori estimates for the nonlocal stochastic SwiftHohenberg equation with the special non-negative kernel
Then there exist a t B (ω) >  and a random variable ρ  (ω) >  such that, for all P-a.e. ω ∈ and t > t B (ω), there are
Proof Taking the inner product with v(t) on both sides of (.) in D, we have
Then substituting (.) and (.) into (.), we obtain
When ε is taken as a sufficiently small positive constant, then we have  -α + ε > . Therefore, we use similar techniques of estimates to the former, and we obtain the corresponding uniform a priori estimates. So the results of this lemma can be obtained. Here we omit the process.
According to the above lemma, we can obtain the existence of the global random attractor for the nonlocal stochastic Swift-Hohenberg equation with a special non-negative kernel G. From the above investigations and deduction, we can obtain results similar to above for the three-dimensional nonlocal stochastic Swift-Hohenberg equation with the corresponding random dynamical system. Here we do not give the repeated proof and the results. Interested readers can verify all this through similar methods and techniques.
Existence of random invariant manifolds

Transformation and preparations
Similarly, let v = e -z(θ t ω) u(t) = e -z(t) u(t). Then under the transformation of the OrnsteinUhlenbeck process, the original system (.) becomes a random system as follows: will be considered. So by the Ornstein-Uhlenbeck transformation, we will mainly consider the truncated system as follows: where h(ω, ξ ) is represented by (.).
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